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Book Review: Real Functions of

One Variable

Geschichte der reellen Funktionen einer Verander-
lichen: ein quellenorientierter Abriss der Entwicklung
vom Beginn des 17. bis zur Mitte des 20. Jahrhun-
derts (History of Real Functions of One Variable:
A Source-oriented Outline of Developments from the
Beginning of the 17th to the Middle of the 20th Cen-
tury), by Ridiger Thiele. Munster: WTM — Verlag

fur wissenschaftliche Texte und Medien, 2022, 530 pp.
€74,90.



Rudiger Thiele has wntten books on Leonhard Eu-
ler and the history of the ealeulus of variations. He
was the invited speaker at the 1997 meeting of the
CEHPM 1 8t John's, where he spoke on Enler, and
the 2000 meesting 1n Hamlton, where he presented the
paper “Early Caleulus of Vanstions and the Concept
of Function.” Both lectures appeared m Glen Van
Brummelen and Michael Kinyon, eds., Mathemabics
and the Historian's Craff: The Kenncth O, May Lec-
turee (Springer, 2005), pp. 81140, 243-295. Thiele
also participated in the joint meeting of the CSHPM
and BSHM in 1999 in Toronto.

The 530-page book under review is a history of real
analy=is from the seventeenth century to the early
twenticth century. The frontispiece (Figure 1) is &
portrait of Carl Friedrich Ganss with the mscription
(in translation
O should never forget that functions, like
all mathemstical concepts, are only our own
mventions, and that when the defimtion one
started with ceases to make sense, one should
not really ask “what =7 but rather assume
what 15 convement, so that one may reman
consistent.

The function concept has been a Leitmofif m the de-
velopment of mathematics since the eighteenth cen-
tury. It 15 the ezsential thread in Thieles book, con-
necting the work of Euler, Lagrange, Cauchy, Dirich-
let, Weierstrass, Riemann, and others. The function
becomes a svmbol of the Weltanachauung of modern
analyzis,

The zecond and third chapters provide a detaaled
account of developments i seventeenth and early
eighteenth-century mathemsatics. Subjects of interest
include logarithms, analytic geometry, and the inven-
tion of caleulus. The narrative really takes off with
Euler in chapter three. Drawing on ideas in the wnit-
ings of Johann and Jacob Bernoull, Euler's achieve-
ment was to formally introduce the function concept
and to orgamze varous parts of analvsis arcund if.
Hi= schievernent comes immto foeus when one compares
what he did o the 1740s and 1750s with contempo-
rary writings on ealeulus, For example, Colin Maclan-
rin's 1742 Treatise of Flurions was a major work of
rreat foundational interest, but the function concept
was abzent 1n hes development of the subject. Nor
does it figure m Mars Gastana Agnesi's celebrated
books of 1748 on calenlus.
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Figure 6: Thiele's frontispiece.

Morris Khine has observed that m the mneteenth
century, “Partial differential equations became and
remain the heart of mathematics” [ Mothematioal
Thought from Ancient fo Modern Times (1972, po
671)). A substantial section of Thiele's book iz de-
voted to examining how the function concept was de-
ploved in the investigations of these equations, with
the development of Founer analysis being a major
area of concern. The mvestigation of trigonometric
series and the representation of hinctions led to the
wentification of “pathological” functions. One ex-
ample consisted of a function that was evervwhere
cantinoons but nowhere differentiable. Welerstrazs in
1872 produced a famous example of such s hinction.
Interesting work o thiz vein that 1= less well-known
was carried out by his Senss contemporary Chearles
Cellerier. Khne (ibid, p. 954) observes that the dis-
covery of pathological functions “made mathemati-
cians all the more fearful of trusting intuition or geo-
metrical thinking"

In Euler's time there was no distinction between real
and complex analysis. The emergence of complex
analysis was & major event n the mneteenth century.
Thiele's forus on real functions arises for pragmatic
ressons and m acknowledgement of the fact that the



Figure 7: Rudiger Thiele

consideration of complex analysis would require an-
other book. On the relation of the two branches of
analyss he (p. 13} defers to Gauss, who wrote in an
1211 letter to Friedrich Bessel:

First of all I would ask someons who wants
to mtroduce a new funetion into analysis to ex-
plain whether he wants it to be apphed stnetly
to real quantities [real values of the function's
arguments), and considers the maginary val-
nes of the arpuments as a kind of superfluous
element, or whether he subseribes to my prin-
ciple that in the realm of quantities, the mag-
inary a+by/—1 = a+ 5 must be viewed as en-
joving equal nghts with the real ones... Anal-
yeis 15 to me an ndependent science, whach
would lose a great deal of beauty and complete-
ness by the elimination of those fictitious quan-
tities, and would be foreed at every moment
to add extremely burdensome restrictions to
truths that are otherwise generally valid.

Included in Thiele's book are several Russian math-
ematicians not as well-known as ther Earopesn con-
temporanes. Although we tend to associate Niko-
la Lobachevsky with geometry, he also contribated

to analysis, writing m Russian and providing a
source and vocabulary for that subject mn s coun-
try. | Lobachevsky is introduced with some lines from
Mikhal Lermontov's poem The Sail: A lonely sail 1=
flashing white/In the blue mist of the sea! .. /What
does it seck in foreign lands7/What did it leave he-
hind st home? ..) Lobachevsky considered a more
general concept of function invelving an arbitrary re-
lation among variables, a conception that was also
found in Dirichlet. Of note here = histonan F. Al
Medvedev's 1991 book Secenes from the Hislory of
feal Funetions [Birkhauser). (Medvedev also makes
central the concept of & function and its role in the
development of real analysis ) Other Russian analysts
encountersd 1n Thiele's book are Mikhal Ostrograds-
dky, Pafnuty Chebyshev, Viktor Bunyakovsky, and
hmtn Egorov.

Thiele extends his account of functions to logicians
and philosophers of mathematics, most notably Got-
tlob Frege, who m 15891 published the article “Fune-
tion and concept.” Frege's general view was to regard
mumber as something that is defined by the context in
which 1t appears, this context being given by proposi-
tions and langusge. Frege adopted this view to avoid
pevchological or formal conceptions of number, which
he considered to be untenable. His mvestigations of
the function notion imvolved both the philosophy of
mathematics and the philosophy of language, and 1t 15
the latter that 15 sometimes seen ss his most onginal
contribution.

The book contains attractive reproductions of text
and mmages, a5 well a5 arange of portraats of histoneal
personages. Mathematical exercizes at the end of each
chapter connect the subject matter to problems of
concrete interest. Each chapter ends with a valuable
bliography of relevant hiterature.
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The Anmual General Meeting of the Canadian Society
for History and Plulosoply of Mathematics took place
at George Brown College, Toronto, ON, on June 1,
2025, The meeting was called to order at 12:30 pm
EDT bw Robert Bradley, President, with 22 members

present.
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